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We construct a topological invariant that classifies density matrices of symmetry-protected topo-
logical orders in two-dimensional fermionic systems. As it is constructed out of the previously
introduced Uhlmann phase, we refer to it as the topological Uhlmann number nU. With it, we
study thermal topological phases in several two-dimensional models of topological insulators and
superconductors, computing phase diagrams where the temperature T is on an equal footing with
the coupling constants in the Hamiltonian. Moreover, we find novel thermal-topological transitions
between two nontrivial phases in a model with high Chern numbers. At small temperatures we
recover the standard topological phases as the Uhlmann number approaches to the Chern number.
PACS numbers: 03.65.Vf,73.43.Nq,03.65.Yz
1. Introduction.— Intrinsic topological orders (TOs)
[1–4], and symmetry-protected topological orders (SP-
TOs), like topological insulators and superconductors
in fermionic [5–13], or more recently, bosonic [14–18]
systems, have been extensively studied and classified.
Although these studies provide a successful picture for
quantum systems in pure states, typically the ground
state, very little is known about the fate of those topo-
logical phases of matter when the system is in a mixed
quantum state represented by a density matrix. In fact,
the correct understanding of this situation becomes par-
ticularly relevant in order to address unavoidable thermal
effects on topological phases and nonequilibrium dynam-
ics under dissipation [19].
Over the last few years, there have been some results
establishing the absence of stable topological phases sub-
ject to thermal effects, like for TOs with spins [20–22], for
SP-TOs with spins [23], or SP-TOs with fermions under
certain conditions [24]. However, in a recent work [25] we
have shown that it is possible to characterize a thermal
topological phase for topological insulators and supercon-
ductors in one-dimensional systems. This thermal topo-
logical phase, classified by Uhlmann holonomies [26, 27],
is separated from a trivial phase by a critical finite tem-
perature, at which the topological phase abruptly dis-
appears. This result paves the way towards the charac-
terization of SP-TOs with fermions in thermal states, or
more general density matrices.
In this paper, we have achieved this goal for two-
dimensional fermion systems, either insulating or super-
conducting. This extension from one to two-dimensional
systems is nontrivial in the sense that a direct generaliza-
tion of the topological invariants for pure states (Chern
numbers) to density matrices via the Uhlmann approach
leads to trivial results. However, we have succeeded in
circumventing this problem and introducing a suitable
notion of topological Uhlmann numbers. These are gauge
invariant and observable quantities which allows for a
classification of topological phases of density matrices in
two-dimensional (2D) quantum systems. Specifically, we
have applied this approach to determine new topological
phase diagrams including temperature for three emblem-
atic models of 2D insulators and superconductors. As
a result, we have found a thermal topological phase for
a 2D chiral p-wave superconductor, which can host vor-
tices with non-Abelian Majorana fermions, and thermal-
topological transitions between two nontrivial phases in
a model with high Chern numbers.
First of all, let us briefly recall the basic concepts of
the Uhlmann approach, the reader may see [25–27] for
a more detailed picture. Let Q denote the convex set
of density matrices. For some ρ ∈ Q, any of the ma-
trices w such that ρ = ww† is called an amplitude of
ρ. The set of amplitudes generates the set Q via this
equation and forms a Hilbert space Hw with the Hilbert-
Schmidt product (w1, w2) := Tr(w
†
1w2). This aims to
be the density-matrix analogy to the standard situation
where vector states |ψ〉 span a Hilbert space and generate
pure states by the relation |ψ〉〈ψ|. Actually, the phase
freedom of pure states [U(1)-gauge freedom], is general-
ized to a U(n)-gauge freedom (n is the dimension of the
space), as w and wU are amplitudes of the same density
matrix for some unitary operator U .
Now, let k(t)|1t=0 define a (closed) trajectory along a
family of density matrices parametrized by k, ρk. By
defining a proper parallel transport condition on the am-
plitudes wk(t), ρk(t) = wk(t)w
†
k(t), it is possible to define
a geometric phase for density matrices via the associated
holonomy. More concretely, after the parallel transporta-
tion we have wk(1) = wk(0)V , with unitary V = Pe
∮
AU ;
where P stands for the path ordering operator along the
trajectory k(t)|1t=0, and AU =
∑
µA
U
µ (k)dkµ is the so-
called Uhlmann connection form. The geometric phase
is defined from the mismatch between the initial point
wk(0) and final point wk(1) = wk(0)V . Specifically,
ΦU := arg(wk(0), wk(1)), (1)
which is a gauge-independent quantity [26, 27]. In the
particular gauge where wk(0) =
√
ρk(0), it takes the sim-
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2ple form
ΦU = arg(wk(0), wk(1)) = arg Tr
[
ρk(0)Pe
∮
AU
]
, (2)
where the components of the connection are given by [28]
AU =
∑
µ,i,j
|ψik〉
〈ψik|
[
(∂µ
√
ρk),
√
ρk
] |ψjk〉
pik + p
j
k
〈ψjk|dkµ, (3)
in the spectral basis of ρk =
∑
j p
j
k|ψjk〉〈ψjk|, with ∂µ :=
∂
∂kµ
.
The phase ΦU, which is experimentally observable [29–
31], has a purely geometric meaning in the sense that
it depends only on the geometry of the trajectory. Al-
though in general ΦU may change with the starting point
of the trajectory k(0), as we shall see, it can be used to
construct topological invariants that are independent of
this starting point.
At zero temperature, the standard method to define
topological invariants in two-dimensional SP-TO systems
is by means of Chern numbers. In the simplest scenario,
we consider a time-reversal broken two-band system with
the Fermi energy between both bands. Then the Chern
number is given by
Ch :=
1
2pi
∫
BZ
d2kFxy(k), Fxy(k) := ∂xAy(k)−∂yAx(k),
(4)
where BZ stands for Brillouin zone, Aj(k) = i〈uk|∂juk〉
is the Berry connection and |uk〉 is the eigenvector cor-
responding to the lower energy band. This number is
a topological invariant which only takes on integer val-
ues. While this kind of constructions can be extended to
higher dimensional systems or systems with time-reversal
symmetry [13], when attempting the generalization to
density matrices via the Uhlmann connection, one finds
the following fundamental obstruction.
2. Triviality of the Uhlmann Chern number.— The natu-
ral way to generalize the Chern number to arbitrary den-
sity matrices is to consider the first Chern class associated
to the Uhlmann curvature, which is constructed from the
Uhlmann connection AU via the standard formula for
the non-Abelian case, FUxy = ∂xA
U
y − ∂yAUx + [AUx , AUy ].
Then, according to the theory of characteristics classes
[32, 33], the (first) Chern number of the Uhlmann curva-
ture would be given by ChU :=
i
2pi
∫
BZ
d2kTr(FUxy); how-
ever, this number turns out to be always zero. The rea-
son for this is twofold: on the one hand, the Uhlmann
connection belongs to the su(n) Lie algebra, so its trace
vanishes and so does the trace of its curvature; on the
other hand, the Chern number is 0 if there is a smooth
gauge defined along the whole BZ [32, 33], and this is
the case for the Uhlmann U(n) gauge. We can take the
gauge wk =
√
ρk which is well defined provided that ρk
is not singular at some crystalline momentum k, which
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FIG. 1: Topological Uhlmann phases for the p-wave super-
conductor model as a function of the chemical potential µ
and the temperature T . At T = 0, the system has Ch = +1
for 0 < µ < 2, Ch = −1 for 2 < µ < 4, and Ch = 0 other-
wise. As T increases, the nontrivial phases remain up to some
critical temperature Tc at which Uhlmann number goes from
nU = ±1 to nU = 0.
is a rather natural condition [34]. Therefore ChU = 0 in
any case.
This makes not obvious the extension of 2D topolog-
ical invariants by means of the Uhlmann approach. We
hereby show the way to circumvent this obstruction.
3. Topological Uhlmann Numbers.— The fact that ChU
becomes identically zero does not mean that all topo-
logical properties of density matrices are trivial. If this
assertion were true, we could not claim that systems at
T = 0 display topological order, as they are just a par-
ticular case of generally mixed density matrices. Note
that ChU is not the only topological invariant that we
can construct on a torus. Actually, in the Berry case,
the Chern number (4) can be rewritten as [35–37]
Ch =
1
2pi
∮
dkx
dΦB(kx)
dkx
, (5)
where ΦB(kx) =
∮
dkyAy(kx, ky) is the Berry phase along
the ky-nontrivial homological circle of the torus at the
point kx, and
∮
dkx denotes the integration along the kx-
nontrivial homological circle. To prove the equality (5),
one divides the surface integral (4) in small slices along
the kx direction and applies the Stokes’ theorem to each
of them [the U(1) gauge, which may be ill defined over
the whole BZ, is always well defined in a sufficiently small
slice]. Then, in the limit of slices with infinitesimal width,
the sum becomes an integral and one immediately ob-
tains Eq. (5). If ΦB(kx) displays some 2pi-discontinuous
jumps along the kx circle, we take ΦB(kx) to be a smooth
function equal to
∮
dkyAy(kx, ky) mod. 2pi in to order to
calculate its derivative. Actually, what the Chern num-
ber is measuring is the number of those 2pi jumps, i.e.
the number of windings of ΦB(kx) as the kx circle is cov-
ered. This is clearly a topological invariant, particularly
3a winding number. It associates every state of the sys-
tem with an homotopy class of the Berry phase mapping
ΦB(kx) : S
1 → S1, between the nontrivial homological
circle S1 and the complex phases U(1) ∼= S1.
Remarkably, in contrast to Eq. (4), the equivalent for-
mula (5) allows for a nontrivial generalization to density
matrices. To that aim, we proceed by substituting the
Berry phase ΦB(kx) by the Uhlmann phase ΦU(kx), Eq.
(2), in Eq. (5):
nU :=
1
2pi
∮
dkx
dΦU(kx)
dkx
. (6)
Analogously to the Berry case, this integer number is a
topological invariant which classifies the density matrices
of a quantum system according to the homotopy class of
the Uhlmann phase mapping, ΦU(kx) : S
1 → S1. More-
over, since for pure states ΦU = ΦB, by computing nU
in a thermal (Gibbs) state, we have that nU
T→0−−−→ Ch;
hence, the generalization is faithful. Additionally, since
ΦU is an observable, nU is also an observable. We will re-
fer to this topological invariant nU as the Uhlmann num-
ber.
In what follows, we classify the topological properties
of some models of two-band topological insulators and
superconductors at finite temperature according to the
topological invariant nU. We shall consider the analogous
situation to [25] where the thermalization process pre-
serves the number of particles and the crystalline momen-
tum such as the equilibrium state splits in one-particle
Gibbs states ρβk = e
−βH(k)/Z. Here, H(k) is the one-
particle Hamiltonian represented by a 2 × 2 matrix in
the band indexes. Thus, the total Hamiltonian of these
systems is a quadratic form Hs =
∑
k∈BZ Ψ
†
kH(k)Ψk.
In the case of insulators, Ψk = (ak, bk)
t, where ak and
bk represent two species of fermions, while for supercon-
ductors, Ψk = (ck, c
†
−k)
t is the Nambu spinor for paired
fermions with opposite crystalline momentum [13]. We
take lattice spacing a = 1 throughout the text.
4. 2D topological superconductor.— Let us consider the
chiral p-wave superconductor [13, 38–40]. This system
can host vortices with non-Abelian anyonic statistics [40]
that are of great relevance in proposals for topological
quantum computation [41]. The lattice Hamiltonian for
this model is
H =
∑
ij
[− t(c†i+1,jci,j + c†i,j+1ci,j)−
1
2
(µ− 4t)c†i,jci,j+
+ ∆(c†i+1,jc
†
i,j + ic
†
i,j+1c
†
i,j) + h.c.], (7)
where µ is the chemical potential, t is the nearest-
neighbour hopping and ∆ is the superconductive pairing.
Without lost of generality, we fix t = |∆| = 1/2. By
means of a Bogoliubov transformation, we obtain the
Hamiltonian in the Nambu spinor basis in momentum
t2
T
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FIG. 2: Uhlmann topological phase diagram for the model of
Eq. (10). The Uhlmann number is plotted for different values
of t2 and T . The dashed line highlights the purely thermal
topological transitions between regimes of nU = 2, nU = 1
and nU = 0 by the sole effect of increasing T .
space,
H(k) =− {sin (ky)σx + sin (kx)σy
+ [µ− 2 + cos (kx) + cos (ky)]σz}, (8)
here, σx,y,z are the three Pauli matrices.
At T = 0, the different topological phases as classified
by the Chern number, Eq. (4), are: Ch = 1 if 0 < µ < 2,
Ch = −1 if 2 < µ < 4 and Ch = 0 otherwise. For
nontrivial regions Ch = ±1, the system presents chiral
Majorana modes at the edges.
At finite temperature, the different topological phases
as classified by the Uhlmann number, Eq. (6), are graph-
ically represented Fig. 1. The system displays nontrivial
topological phases nU = ±1 even at nonzero temperature
provided it is below a certain critical value Tc, where nU
goes to zero. This critical temperature Tc reaches the
maximum value at the middle points µ = 1 and µ = 3
of the topological phases Ch = ±1 at T = 0. These
points are the ones with the highest value of the gap.
As expected, in the limit of T = 0 we recover the same
topological diagram as given by the Chern number.
Thus, we see that thermal topological phase transitions
are not a unique phenomenon of the 1D case [25] and they
may be also found in two-dimensional systems.
5. 2D topological insulator with high Chern number.—
We consider here the model proposed in [42] that allows
us to study 2D topological insulators with high values
of the Chern number [43], as in multi-band models like
the Hofstadter model [44], but still being two-band and
analytically solvable.
This system is realized on a triangular lattice of
fermionic atoms at each site with an internal orbital de-
4gree of freedom. The Hamiltonian is given by
H =
∑
ij
[c†i+1,j(t1σx + it3σz)ci,j + c
†
i,j+1(t1σy + it3σz)ci,j
+ c†i+1,j+1(t2σz)ci,j + h.c.]. (9)
The Pauli matrices act on the orbital degrees of free-
dom at each site, which give rise to an orbital dependent
nearest-neighbour hopping (t1, t2, t3). In particular, the
fermions can gain pi or pi/2 phases depending on the ini-
tial and final orbital and position state when tunnelling.
As in the Haldane model (see below), there is no net
magnetic flux in the system, although time-reversal sym-
metry is broken.
Taking periodic boundary conditions the Hamiltonian
in momentum space turns out to be
H(k) = 2t1 cos (kx)σx + 2t1 cos (ky)σy+ (10)
+ {2t2 cos (kx + ky) + 2t3[sin (kx) + sin (ky)]}σz.
Without loss of generality we take t1 = t3 = 1. At
zero temperature the topological phases as a function of
t2 are
Ch =

+2, if t2 < −2,
+1, if − 2 < t2 < 0,
−1, if 0 < t2 < 2,
−2, if t2 > 2.
(11)
For T 6= 0, the topological phase diagram according to
Uhlmann number, Eq. (6), is shown in Fig. 2. In this
case we obtain two very remarkable and new effects with
respect to the previous model. The first one relies on
the existence of two critical temperatures Tc1 and Tc2 .
For instance, if at T = 0 the system is in a topological
phase with nU = 2, we observe that for T < Tc1 the same
phase is preserved. Then, for Tc1 < T < Tc2 there is an-
other thermal topological phase with nU = 1. If we now
increase temperature even more, T > Tc2 then the topo-
logical phase becomes trivial, nU = 0 (see Fig. 2). Hence,
there is a critical transition between phases with differ-
ent (but nonzero) Uhlmann numbers by the sole effect of
T . Thus, we have obtained a purely thermal transition
between two different nontrivial topological regimes.
Secondly, at zero temperature we see in Eq. (11) that
there are only nontrivial topological phases in this model.
But, by increasing T , we can always end in a trivial phase
with nU = 0. This supports the intuition that at suffi-
ciently high temperatures the order is lost for any system.
6. Haldane model.— The Haldane model [5] was the
first proposal of a 2D lattice of fermions without a con-
stant magnetic field but with quantized Hall conductiv-
ity. It is a graphenelike model based on a honeycomb
lattice with two different species of fermions (different
sublattices), nearest-neighbors hopping t1, next-nearest-
neighbors hopping t2e
iφ, and a staggered potential m.
FIG. 3: Uhlmann topological phase diagram for the Haldane
model. Red color represents nU = 1 and blue nU = −1. As
we see, at T = 0 the two well-known lobes of the Haldane
model are obtained, and at a certain finite temperature Tc
the system goes to a trivial phase.
For periodic boundary conditions the Haldane Hamilto-
nian in the reciprocal space is
H(k) =
∑
i
{[2t2 cosφ cos(k · bi)]1+ [t1 cos(k · ai)]σx+
+ [t1 sin(ki · ai)]σy + [m− 2t2 sinφ sin(ki · bi)]σz},
(12)
where ai are the lattice vectors defining the Bravais lat-
tice and bi := ai+1 − ai−1. In particular, we take t1 = 4
and t2 = 1.
At T = 0, the system presents topological order for
|m| < 3√3| sinφ| with Chern number Ch = ±1 depend-
ing on the sign of m.
The topological phases at finite temperature as a func-
tion of m and φ are depicted in Fig. 3. The red and blue
volumes represent nU = 1 and nU = −1, respectively.
Thus, an integer topological invariant ±1 is retained and
a thermal topological phase is present up to some critical
temperature Tc where nU vanishes. Note that at T = 0
we recover the well-known phase diagram for the Haldane
model [5].
Interestingly enough, the thermal topological proper-
ties of this model were first considered in [45]. There,
the topological indicator did not show a critical behavior
with T but shared the same pattern with m and φ as nU.
7. Conclusions and outlook.— We have constructed a
new topological invariant, the Uhlmann number nU, that
allows us to explore topological phases of fermion systems
separated by purely thermal transitions. Notably, we
find always a finite range of temperatures at which this
topological order survives.
We remark that the existence of critical temperatures
seems somehow natural in the Uhlmann approach. For
thermal states, it sets on equal footing the temperature
and the Hamiltonian parameters. Therefore, if there is a
5critical behavior as a function of tunnelings and/or stag-
gered potentials, then certainly, one should obtain a crit-
ical behavior with temperature as well. Moreover, since
by increasing T , the quantum coherence properties of any
state are diminished, it is expected that the Uhlmann
number decreases by warming the system up.
As explained in [25], measurements of Uhlmann phases
and numbers may be affordable by adapting experimen-
tal schemes such as [37, 46, 47], that use interferometric
setups for cold atoms in optical lattices. The mapping
between Uhlmann amplitudes and pure state vectors in
an enlarged Hilbert space should allow for measurements
of the Uhlmann phase using an ancillary system.
Based on these results, we envision the possibility of
extending the current classification of topological insula-
tors and superconductors on several spatial dimensions
[48, 49] (also called the “periodic table”), to the case of
thermal topological states using the topological Uhlmann
numbers introduced here.
Note added: While completing this work we were in-
formed by Z. Huang and D. Arovas about similar ex-
tensions of Uhlmann phases to 2D models [50].
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